For an arbitrary fixed positive integer N , we give a recurrence relation (12) for the sequence a
Introduction
In this paper we study sequences {a α n } n where a {α 1 ,...,α N } n :=
N ≥ 2, α = {α 1 , . . . , α N } ∈ C N is fixed, and in the sum p i are always non-negative integers. We will use the notation , where the superscript is a list of N ones. This should cause no confusion, since we do not allow N = 1 in definition (1), as that case is too easy.
The simplest non-trivial example is the sequence a 1,1 n , for which we have the following sequence (#A000984 in Sloan's tables [S] ). , the number of ways of taking C elements from a set which is the union of two sets of sizes A and B, by summing over the number of elements taken from each set.
Another example, similar in appearance, is the case of a 1,−1 n , where
Examples (2) and (3) may be found in many texts on combinatorics, and also in the survey [W] . Along these lines we also have the less obvious result 
where ω is a primative third root of unity. Proofs of (3) and (4) (given in Examples 12 and 16 respectively) will follow from the general recurrence relations we find, for example, Theorem 8, which says that in the N = 2 case we have 
Theorem 13 gives a similar formula for the case N = 3. Corollary 6 states that we can always obtain recurrence relations, with at most 2 N −1 +1 terms, and Section 3 gives a concrete method of finding these, which does not make use of computing any terms, and thus is faster than methods which find recurrences given only the existance of a recurrence of known degree, and the terms of the sequence. Theorem 1 gives an explicit formula for the recurrence for all N , in the case that all α i are 1, and a few examples obtained by plugging in given values of N are given in Table 1 .
Geometrical motivation
The motivation for studying the expressions given in the title of this note comes from the study of the family of Calabi-Yau varieties, the general member of which is given by the resolution of a hypersurface in P N −1 defined by the following equation-which actually should be multiplied through on both sides by X 1 . . . X N to obtain a homogeneous equation of degree N − 1.
Here t is the parameter of the family, and we take α i to be nonzero fixed elements of C. Aspects of the N = 3 case are considered in [V1] and [V2] , and the N = 4 case is studied in [HV] . Some work on the general case can be found in [Ludwig] . In order to study a family of varieties, one often works with the periods of the members. Using the methods of [PS] , in the N = 3, α i = 1 case, it was shown in [V1] that one of the periods of this family has the form constant × n≥0 a 1,1,1 n t n . Exactly the same considerations show that in general, up to a constant factor, n≥0 a α 1 ,...,α N n t n is a period for X α 1 ,...,α N t . (See abstract or below for definitions of the a n .)
The Picard-Fuchs equation is a differential equation satisfied by the periods. One method to find this equation (used for example in [PS] ) is to find a recurrence relation for the coefficients a n , which is what the rest of this note is devoted to.
The rest of this paper is more combinatorial than geometric. We return to the geometry in Section 5, where we give the Picard-Fuchs equation for the families of elliptic curves, corresponding to the N = 3 case (43). However, we do not discuss the geometry or modularity of the varieties X α 1 ,...,α N t for N > 3 here, which is currently work in progress. We do give differential equations (16) closely related to the Picard-Fuchs equations in the case where all α i = 1; Table 2 gives some examples.
The case α
We first consider the case α 1 = · · · α N = 1, since this is simpler, and in this case we can obtain an explicit formula for the recurrence relation. In order to find a recurrence relation for
we introduce auxiliary sequences of numbers a
We have a N n = a N,0 n , and for convenience, we set a
Rearranging this equation, we have
10 n −2(2n − 1)(55n
2 )a 10 n−5 Table 1 : Recurrence relations for a N n , from Equation (12) for 2 ≤ N ≤ 10
Figure 1: Diagram of relations (9) between a N,j n
Now, starting with j = N , and applying this relation repeatedly, we will obtain a recurrence relation for the a n . We can visualise this process in Figure 1 , drawn up to a
n , where we use the notation
In Figure 1 , the configuration
means X = aA + bB. Thus to find an expression for g(N, 4)a N,5 n in terms of the a N n , we just have to follow all paths from g(N, 4)a N,5 n to the a N n , a N n−1 , a N n−2 , multiplying the coefficients on the arrows in any path, and summing the products for paths ending at the same point. In this example, we obtain
This is true for all N ≥ 1. However, for N = 4, we have g(4, 4) = 0, and so, substituting N = 4, and dividing by n 2 , we obtain the relation:
The first few cases of g(N, j)a N,j+1 n are as follows.
In general, the formula we obtain is:
where an empty product is taken to be 1. Note that this is a finite sum, since for k > ⌊N/2⌋, there are no possible sequences of α 1 , . . . , α k with 1 ≤ α k < α 1 ≤ j and α i+1 ≤ α i − 2. Note also that since α i > α i+1 this is in fact a polynomial in n.
Since g(N, N ) = 0, substituting j = N in (11), we obtain the following result.
Theorem 1. For any positive integer
(where the sum is over non-negative integers p 1 , . . . , p N summing to n) satisfies the recurrence relation
The recurrences in the first few cases, (after dividing by n 2 ), are given in Table 1 .
Remark 2. The coefficients of a N n−k in (12) may be written in other forms, for example, the coefficient of a N n−1 can also be written as:
Remark 3. Formula (12) is a closed formula. However, alternatively, using (9), one can quickly produce generating functions for the recurrences as follows. Define a sequence of polynomials in n, N, x by p −1 (N, n, x) = 1, p 0 (N, n, x) = n, and
Then p j (N, n, x) is a polynomial with coefficients given by the coefficients of a N n−k in (11). The terms of the recurrence for a N n are given by coefficients of x in p N (N, n, x), so we have
From (12), using the standard method we obtain the following differential
The first few cases (up to sign) are given in Table 2 . Equations F 3 is the Picard-Fuchs equation of the family of elliptic curves for Γ 1 (6), and appears in [SB, Table 7 ]. F 4 is the Picard-Fuchs equation of the A 3 family of K3 surfaces studied in [V1] , where F 5 is also given. F 5 and F 6 can be found in examples #34 and #130 respectively in the tables of [AZ] .
Weighted sums
Now we want to find a recurrence relation for the terms
We will call these weighted sums, as opposed to the case where all α i = 1. Finding a recurrence relation for these a n is achieved in a similar manner as for the previous case, but now the situation is slightly more complicated. In particular, the version of (8) cannot in this case be so easily reversed to give a relation like (9) (this can be done for N = 2, but for large N the situation becomes too complicated). So, although we will obtain a diagram (Figure 2 ) similar to Figure 1 our arrows will now be in the opposite direction. But we will still be able to obtain a relation using the finite dimensionality of certain vector spaces. Table 2 : Differential equations for n≥0 a N n t n for 2 ≤ N ≤ 7, obtained as special cases of (16) Our auxiliary terms in this case are defined by
where ε k ∈ {1, −1}, which reduces to (7) in the case that all α i = 1, with j in (7) given by j = ε k . The generalisation of (8) is given by
Notice that since ε i ∈ {−1, 1}, the right hand side of this expression always has N terms. The "direction" of this equation can not easily be reversed. Instead of a diagram as in Figure 1 , built of figures of the form (10), we would have building blocks of a much more complicated form, e.g., such as: n−1 . In order to work with these relations, we consider N fixed, and define vector spaces
where K is the field of fractions of Z[n, α 1 , . . . , α n ], and n is considered an independent variable, and the a n satisfy only the relations given by (19). We now consider (19) as defining a map V We define the composition (with equality only if the a ε n spanning V n are independent over K), and so from the definition (22), the dimension of W j n is at most the sum of alternative binomial coefficients. These sums represent the number of ways of taking an even, respectively odd, subset from a set of N items. Subsets correspond to binary sequences in (Z/2Z) N , so there is a bijection between these sets corresponding to the map x → x + (1, 0, . . . , 0).
Corollary 5. For α 1 , . . . , α N ∈ C, if a n = a α 1 ,...,α N n as defined in (17), then a n , a n−1 , . . . , a n−2 N−1 satisfy a linear relation over K.
Proof. This is because the maps Φ j n (22) are injective, since they are defined by equalities (19). A linear relationship (which exists by Lemma 4) between Ψ n−2 N−1 +1 •· · · •Ψ n (a n ), Ψ n−2 N−1 +1 •· · · •Ψ n−1 (a n−1 ), . . . , a n−2 N−1 in W n−2 N−1 thus pulls back to a relationship between the a n .
Viewing a n as numbers rather than independent variables, one obtains immediately the following result.
Corollary 6. There is a recurrence relation satisfied by the a α 1 ,...,α N n , with at most 2 N −1 + 1 terms, and with coefficients given as polynomials in n and α 1 , . . . , α N .
Remark 7. By making a more careful analysis of the entries of the matrices Ψ i , it should be possible to obtain a bound on the degree of the coefficients (as polynomials in n) of the recurrence relation.
Note that the recurrence relation may have fewer than 2 N −1 + 1 termsby Lemma 4, this is determined by the dimension of the vector spaces W j n , which depends on the relationships between the α i .
Formulae and examples
Although the above results give a procedure for determining a recurrence relation, we still do not have a general formula comparable with (12). The recurrence relations must be determined case by case. For a given set of α i , since we now know a bound on the degree and number of terms of a recurrence relation, it is a simple matter of linear algebra to determine the relation explicitly. However, what makes this result more interesting is that we can obtain formulas for an infinite number of cases at once.
The recurrence when N = 2
In the case N = 2, applying the above method we have the following result. 
Remark 9. Note that substituting a = b = 1 into (24) gives the same result as substituting N = 2 into (12) in Theorem 1.
Proof. In this case from (19) we have 
Thus the composition (23) is given by Ψ n = na nb 1/n 1/n 1/n (n + 1)b 1/n (n + 1)a = a + b 2abn(n + 1) 2/n 2 (a + b)(n + 1)/n , and (writing * for entries we are not interested in)
Now we can see that the linear relationship referred to in Corollary 5, which now is a relationship in W n−2 spanned by a 0,0 n−2 and a 1,1 n−1 , is given by
The recurrence relation follows, as described in Corollary 5.
Corollary 10. The function f = n≥0 a a,b n t n satisfies the following differential equation:
Remark 11. Notice that the coefficient of Θ factors as ((
. This is an example of a general phenomena, which has a geometric explanation, given by the determination of the singular members of the family X α 1 ,...,α N t ; the A 4 situation is given in [HV, Lemma 3.7] , and the general case works in exactly the same way.
Example 12. For a = b = 1 in (24) in Theorem 8 we obtain the recurrence
In the introduction we remarked that a
n . In the case a = −b = 1 we have na
From the definition (1) we see that a 1,−1 1 = 0, so from (28) all odd terms are zero. Setting c n = a 1,−1 2n and substituting in (28) we obtain 2na 2 n 1,−1 = 4(2n − 1)a 1,−1 2n−2 , and then nc n = 2(2n − 1)c n (29)
Since this is the same relation as (12), and a 1,1 0 = c 0 = 1, we have a n = c n , giving us the formula (3) given in the introduction. Note, both these examples are well known. Refer also to [C] and [].
The recurrence when N = 3
In the case of N = 3, the matrices we are interested in are given by
From this, setting A = a + b + c, we obtain
In W n−4 , Ψ n−3 • · · · • Ψ n (a n ), . . . , a n−4 are given by the columns of the following matrix (computer algebra packages e.g., [Pari] , [Magma] , are helpful in obtaining and manipulating this matrix).
where A = a + b + c, B = ab + bc + ca, and
4cb(12n 3 −71n 2 +138n−87)−2(n−3)(2n−3)a 2 +8(a 2 +b 2 +c 2 )(n−2) 2 (n−3)+2B(n−3)(2n−5)(4n−5) (n−3) 2 (n−2)(n−1)n 2 −2 (4n − 3)(n − 1)a + An(2n − 1) (2n−3)(2n−5)(a 2 +cb)+(b+c)a(4n−7)+A 2 (−n 2 +3n−2) (n−3)(n−2)(n−1) 2 n 2 .
In general (30) has rank 4, which can be verified by plugging in any values for a, b, c. If exactly two of a, b, c are equal, then two of the last three rows are equal, so the rank is 3; if a = b = c the rank is 2. By the same method as for Theorem 8 a recurrence relation is obtained by finding linear relations between the columns, i.e., by finding the kernel of this matrix. Generally this gives a 5 term recurrence, but if a = b, or a = b = c, there will be a relation between the last 4 or 3 columns respectively. By explicitly computing the kernel (again, aided by [Magma] and [Pari] ) we obtain the following result.
Theorem 13. For a, b, c ∈ C, abc = 0 the terms
satisfy a recurrence relation R(n) = 0 where R(n) := F 11 F 7 n 2 a n − AF 11 2(n − 1)(2n − 3)(4n − 1) + 3 a n−1
−F 9 F 3 sA(4n 2 − 18n + 19) + 4abcF 11 F 7 a n−3 + F 7 F 3 s 2 (n − 3) 2 a n−4 ,
and
Remark 14. The differential equation for a n t n corresponding to (32) has degree 4 in Θ = td dt ; the coefficient of Θ 4 is (( (32) is divisible by F 11 . Since n is an integer, so F 11 is never 0, we obtain 0 = F 7 n 2 a n − A [2(n − 1)(2n − 3)(4n − 1) + 3] a n−1 +A 2 (2n − 3) 2 F 3 a n−2 − 4abcF 9 F 3 F 7 a n−3 .
Example 16. If we have A = s = 0, which happens (up to permutations and scaling) for (a : b : c) = (1 : ω : ω 2 ), where ω is a primitive root of 1, we obtain a n := p+q+r=n ω p−q n p, q, r 2 ⇒ n 2 a n = 4(4n − 9)(4n − 3)a n−3 .
The corresponding differential equation for a n t n is
Note that though the a n are defined using ω, all terms of the sequence are integers (since 3 i=1 ω ni = 0 or 1 depending on n mod 3). The first few terms are: 1, 0, 0, 12, 0, 0, 420, 0, 0, 18480, 0, 0, 900900, . . . (This is sequence A000897 in Sloane's table of integer sequences [S] .) Since the recurrence relation is so simple it is easy to verify that the nonzero terms are given by 
Examples when N = 4
Finding explicit equations for the general case for higher N is possible but time consuming, so for N = 4 we just give a couple of examples, in cases where the recurrence has fewer terms than in general (when there will be 9 terms), due to relationships between the α i .
Example 17. For {α i } = (1, 1, 1, 9) the first few a n are 1, 12, 204, 4224, 99324, 2546352, 69359424, 1973611008, 58005903708, . . . , and the recurrence relation obtained by the above method is (n − 1)n 3 (10n 2 − 35n + 31)a n −4(n − 1)(140n 5 − 700n 4 + 1289n 3 − 1104n 2 + 477n − 84)a n−1 +4(1960n 6 − 14700n 5 + 44986n 4 − 71829n 3 + 63127n 2 − 29022n + 5496)a n−2 −1152(n − 2) 3 (2n − 3)(10n 2 − 15n + 6)a n−3 = 0
The corresponding differential equation is:
Example 18. For {α i } = (1, 1, 1, −3) the first few a n are 1, 0, −12, −96, −180, 5760, 70080, 161280, −5144580, −68974080, . . . ,
and we obtain (n − 1)n 3 (14n 3 − 84n 2 + 165n − 107)a n −4(n − 1) 3 (2n − 5)(14n 3 − 42n 2 + 39n − 12)a n−1 +4(14n 3 − 84n 2 + 165n − 107)(28n 4 − 112n 3 + 163n 2 − 102n + 24)a n−2
Example 19. For {α i } = (1, 1, −1, −1) the first few a n are 1, 0, −4, 0, 156, 0, −5440, 0, 239260, 0, −11151504, 0, 551724096, 0, . . . , and we have (n − 1)n 3 (10n 2 − 55n + 76)a n +4(120n 6 − 1140n 5 + 4282n 4 − 8107n 3 + 8170n 2 − 4176n + 864)a n−2 −1024(n − 3) 3 (n − 2)(10n 2 − 15n + 6)a n−4 = 0 and there is a three term recurrence 0 = (n − 3)(n − 2)(n − 1)n 3 (48n 4 − 1032n 3 + 8276n 2 − 29347n + 38840)a n +16(6528n 10 − 218688n 9 + 3180512n 8 − 26345016n 7 + 137020240n 6 −465036692n 5 + 1036364052n 4 − 1486439881n 3 +1303139340n 2 − 627480000n + 127008000)a n−4 +2 12 (n − 7) 2 (n − 6)(n − 5) 2 (n − 4)(48n 4 − 264n 3 + 500n 2 − 387n + 108)a n−8 .
The fact that in this expression the two factors of the form 48n 4 + · · · are related by the change of variables n → n − 4 leads one to expect that there is probably a recurrence with more terms but coefficients of lower degree.
Picard-Fuchs equations in the elliptic curve case
If a sequence satisfies a recurrence relation, then it satisfies infinitely many. So, we do not claim that the recurrence relation obtained by this method give Picard-Fuchs equation. However they could be determined from these relations, once we know (from the geometry) what order the equation should have. For example, for the A n case, the family of elliptic curves in P 2 is
order to obtain a relation in one of the W spaces with minimal dimension.
(It is helpful to draw a diagram of these spaces, similar to Figure 2 .) In the case where a = b = 1 this seems to be more or less the same method as used by [C] , and so this method may be viewed as a generalization of his method. Generally dim V m k,n = min(m+1, 2k −m−1), and dim W j k,n = k, so we would obtain recurrences with k+1 terms. But in the case a = b = 1, we may identify c a,b,k,i,j n and c a,b,k,j,i n , so dim W m k,n = ⌊ k 2 ⌋ + 1, unless k is even and j = k − 1, in which case dim W k−1 k,n = k 2 , so we obtain recurrances with ⌊ k+3 2 ⌋ terms, as in [C] . Example 22. In the case k = 3 in (45) we have maps Φ 0 n : W 0 n → W 1 n , Φ 1 n : W 1 n → W 2 n , Φ 2 n : W 2 n → W 0 n−1 given by the following three matrices respectively, n } for W 0 n−1 . We set Ψ n = Φ 2 n Φ 1 n Φ 0 n , and consider Ψ n−2 Ψ n−1 Ψ n (a n ), Ψ n−2 Ψ n−1 (a n−1 ), Ψ n−2 (a n−2 ) and a n−3 , given in W 0 n−2 (with basis {a (n−1) 2 n 2 + A 3 6(n−2)(3n−5)ab (n−1) 2 + A 2 A 1 * (n−2) 3 (n−1) 2 n 2 3(n−1)(2n−3)b+3a(5n 2 −16n+13) (n−2) 3 (n−1) 2
3
(n−1) 3 0 * (n−2) 3 (n−1) 2 n 2 3(n−1)(2n−3)a+3b(5n 2 −16n+13) (n−2) 3 (n−1) 2
(n−1) 3 0
where A = a + b, and * denoted unenlightening polynomials of degree 4 in n and degreee 2 in a and b. Note that the determinant of the matrix consisting of the last three columns is 9(a+b) 2 (a−b)(3n−2) n 2 (n−1) 2 (n−2) 3 , and so in the case a = ±b there are recurrences with at most 3 terms (these can be found for example in [W] , so we do not give them here). Otherwise we expect recurrences with 4 terms. In general by finding the kernel of this matrix we find that the sequence c n := c 
